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I. Two POINTS TO, TWO POINTS (bontinUed)

L. You know that .11 r--> 3 X .take ybu from 5 to 15 and from, 7 to 21.
How could you. change this rule. so that 5 16 andf7 22 '?

$..

L. 'Write a rule:

START LAND
z

5 > 18

> 24

I

If you wrote 3 X ( + 1), you were correct. However, there is a
simpler and, in the present context, 'more helpful way to write the
rules Li 3 X 11 + 3

LSTART LND

3. Write a rule:

5 21

7 27

Ibrite a rule:

START
5.

7

v

t

7

A



12.
12 ---> 24,

6 0

77'-1 z -7-> 120

6
13.:

'

2 J-7



Starting
.Points

Lai4di
Point

11sst Starting pt.'

4-id Starting- pt.
4

7 > 1 6

13 --> 43,14

6 1,12

MA)

1 50

A'

1st Landing .pt.
minus

2nd Landing pt.
Rulp

Mum!,

4.444.4.4,4>

.44.0444.444.444A. 10 --> X 0
. 3

--> 100
50

PAPAWAWAYA

NYVVVVYWNOWA

ANHAWANS.V.Vt

--> 50
17 X

300, 57

1 50 --> 32

300 . 621

1 50 ,----> 37

300 -7-L;-r-->
AWAANYWNW.

1 50 --> -29.
10 X 0 514
6 .

Leavt.!
zi

2-

10.
30 ---> 45
2 0 -" 30

1 1

1 2
a

J

A

1is the same rule as 0 X 0 ,
3

.



J

' l!

*: .41. a -13 tudo nt ' g words, what,..isf'al.:ge.neral:proeedure'.for.'finding a rule. ttiat
.,takes you from tWO-.give.n starting points on a number linp to..two given:
landing pointg

,

'Write a rult:. .
StART 'LAND

11 10

17 .30 40

II. COMP9SI.TION

11

- .

Occasionally an inc'ident like
1 the follOwing will occur ill a clasSroom:

Teacher: Start at 5 and Make one jump with the rule
3 X 4 .

Studexit (t.in4, aloud):

Well, 3 times:5 is .15p sp Arst you land on
15. Then 1.5 minus 4 is 11, So if ritt start

ou land on41.

The answer 11 is right, of course, bu
If one were to draw a piCture of this ju

this jump never involved landing on 15.
one would draw

10 11 '12 13 14 15

'and not

10 11 12 .*1 14 15

J-7



On the 'mther hand, the child whp.draWs'the two arrows'has sen.Seda very.im
. .poitant thing.. If one ,were to uSe each of the rules

and

[-I

7.77> 3 E

one right after the Other., the result same as using just once the. ru1e

---> 3 X F.] own

If we label the two simpler rules a and b like this:

a

ri 3, X E
El

I
4

then it makes sense to call the more complicated rule ab :

_al>) xi 1

a*P

The number lines below, show the same jumps we had before.
,

0 8 9 10 11 12 13 14 15

w

a



1 If .rusles c and d .are

119,..>

write a single ,rule a11ed. c
a.nd then rule d .

. c:)

C,)
f)

^ .4
0

, t

1

. 0
Start 'at,

tarlin
o ,. land?

cd _

4

which has the same effect' a.s using first

arid make one jiirrip.with rule c . Where do, you land?

at this new number make one jump using rule d . Whe4e do you

1,.

"..

-4

one-jump with your tule cd stkrting back at Z. Where d

land? ,,.(Your last to answers Should be the .same.
_

0

nother check o your rule cd . Use the in4licated rulesOefill the blanks
with numbers,.

3.

10
e.

-(

1.01b<

". -43'
4',

I3e the same.

,

J - 7

Pt

I.



Z.' Rules e and f are

Write ru.le ef :

f

ef

As a check, try a number in wedge:

YINNv40/1N,

70

vs,

The- same ?

(Often one test nAriber and irisight will convince you beyond doubt. Other.--

wise test with more starting numbers. :You should be sure your proposed rule
works for all Otarting numbers. )

e

e F.

7



.%

ick one number for, bOth
wedges. Compute 6-ie numi
ber for 'cloud using, rule g ,/
Put the same number in both
clouds. rind the ineticatedi
landing points. :

gh'

,

If you got 0 5 X 0 , fQr rule gh l'ou have the most likly wrong
answer, andthis paragraph is for you. Try Starting at' 5, for example. You

-cati now compute

and

-;-7-r-> 15

15 30

If your rule°. gh were rrect, it would give you 30 when you"start on 5
But it doesn't; it takes y -

to 25 instesad. Can you fix it? Rule,. gh is 'the
same as first' tripling a n mber and-then doubling the res t This is the
same as multiplying it by Rule. gh is 0"6 X 0 Check

,

yoursanswer on page.-10.°

J- 7

.



Check by'starting at-10.

ec

4

,

(11int: The Tuft:, cd is not in 2 X CI + 3 , mix. is it CI --> 3 )
i3heck yQur result with one or more numbers as before.



. +. 3

0

'

.ZSheck yoUr rule. with one or rriore.nuipbers.
4

a

7. Rulet:

411.

Write rules c
40 z.

0

.;.,

(Note that rule. dc is very different froni.rule cd . If in-.dOubtcheck.both.

. ... . . ... ,....,rules. ) ,..
'n _,

and do

dc

+ ' .

a

Answer fol. page 8: Rule gh. is 0 6 X .



may have wondered whether there is always only one, rule which.takes.
two' given'pAnts to two given points. To answer this .question consider the

of finding .a..,rure with these jumps:

V

START LAND

4

8

Orie way to picture these jumps is.,

2 3 4 5 6 7 8 9' 10 11 12

However, there is akthti,er way .of showing sta,rting and 1a ding'numbers.
if we want to show the jump from 4 to 1, we place a: dot 1 unit above*.4.on
the number line'. So:ihstead of drawing

20,1,

,

I.

.1

we draw a:picture like. thils:
Afr

4
;AM

j .

.
1



. . A .
. ,

To make it va.sier to put the ddt at the carre.ct height We make a vertical number
. line through zero and draw lighter lines vertically andhorizolially as guides:

4 ,.

Landing
Numbr a

-z -1 94 s i $ 41

Fig. 1

Starting
ID Number

4

4

The single dot in Figure 1 stands for the jump from 4 to 1.
The next pictute.shows the points (4, 1) and ( 8, 9-) marked. They shoW

.. ,
he tuto jumfm that we.want our r.ulC to have.- ,

Landing
Number

-

4.*

.0401

-4--

-1 -1 -; - -L -\1

Fig.

Starting
to Niamber



Geometry tells up at through two given -points. land OnlY one straight
line can be drewn. Draw the one line'that jbins the two'dots in Fiere 2
That line depicts manyjumps with the rule 4L.1 2 X LI - 7 .' The fact

, that thertl is only one lind through the two points tells us that.there is only one
\kiViear* rule that has jumps from 4 to 1 and from 8 to 9 .

The number plane may help you %to imagine that there may_be other more

ompli'cated rules .which have the two .required jumps. The next picture shows
*umps with the rule LI ---> n x ril 10 X b + 25 . (ThiA is -not a linear
rule' becaus'e of the 1 _I x LI . ) If youtest. this.71-uie you will find that 4 -7-*, 1,

a

Landing ,

Nmbe_t_ '
10-

o

4.

094'

<

; .

Fig. 3

\.
Siarting
Itimber

Rules in which 1:1 is multiplied by U always have curve4 soMething like
the one above. %. 1.9en a rule invollies X [a, th..e curve gets more compliz..
cated. You need not be, concerned with such ruleAk.nife.

(Iv
,

a

?kik lirtear rule is' one that can be written in the form 0 0---> a X O. +
., where a and b are .numbets. As you may haire guessed; .the graph.of..s.

linear rule a fitral.gpt line. e

t ,

1L

1 3

e .
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Summary of

"rtules.
oblems in the Film
mg 'Ito Points"

00.011011,1101.0110.0M000000100,10101010110000.0MPOONIMIPPIPI01.1MPIft

.5th- Grade, James Russell Low.ell School, Watertown, Massathusetts
Teacher: Pavid A. Page

1.

Note: This summary includes the relevant section of the preceding day'q class,
and all the prob16ms'giv'en during the filmed class: Sections that,appear here
in dotted boxes are thov which &re not includtd

4 ,
.

,

3 4 5 9 10 n 12 13 14 15 16.17 18 19 20'21

1- --
1. Now. we re going to take-Mot-For thes-e-x's;-use 'One-fitii-nber-line

.1

jump them tO a, new 1pcation, and find out'how far apart they are then.
%-.

')

How fat between.th'e xri;;?

Here's a r-ule U ---,--> 4 X D

What haPp,ens to 1 using this rule?

(3 units)

(1 goes to 4 , so the rule is,
_discarded as confusing)

Chailge rule to ri 5 X -0

What happens td 1 with this rule? (Lands at 5 )

What, happens to

How far between

How far between

4 ?

1 and 4 ?

5 and 20 ?

New roulez, u X Ff.
.1

What happens if we put 1 b ?

What happens to 4 ?

How far from 2 to 8 ?

14,

(3 units)

#

(6 unit5)
,^

Using the rule n x , holo far apart do ).rou predict the landing
points will be? (9 tulits

11", L.

V



Ne

(Next OA.)

111#

I 1.1111 1111-1113 2 1 3, 4 5 64 .7 8 9 10`.11 12 13 14 15

w rule; X. LI 00

Put 5. through that rule, where does it go? .(140)

Put 9 through the rute, where does 'it go?
-How far between 5 and. 9 ?

How.,&r.between 10 and, 18

Give a rufe b .that Will give landing points 12 un'its apart when we
bstart with 5 alla 9 (Answer; 0 3 x b )

Put 5 in this.rule, where doe's it go?
Put 9, in this ru,1%,

How far is it between 15 and 27 ?

1/4 ,
Naw geta rule. u'sing a,nd 9 so that the 'landing points will be

. d 1 ,
, 2 units a.prt. (Two answers.; _c_> 0 --> x, 0 )

'2

Put 5 in 'rule c , larrd?

7 Put 9 in rule. c , Igrhat c16 you get?
1 1How far between 2 a:nd 4

2
?

. 2
Using-rmle. d ; where does .6 go?

Get a rule that keeps the two points four units apart and makes them
bothsnegative. ("Asy number Mimising above 10 ," e.g., 0 11 )

Using the rule 11 .11 , Atarting ,5 what happens?
(Land at 6)

Where do you go starting at 9 ? , (-1)

I.

15
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New rule; I 0 3. X Cl - 10

'Predict what this tule is going to d .

,4Some predictions: "Eyery.tw6 points that you put in

., 11/ end up two unitA apart." "That's ngt true
*because there' . .. . . .

fs a standstill-poiot awl thatl,s no units apart.")
What is. the 'standstill point? '(5)

- 'Using 5 and .8 for the two points, where dues, 5N go?

,Where does .8 go?. (14)/
How far frot 5 to ?.

How far frotr-5 to. 8.?

Jo

If we picked two other points, what do you think would happen?

Try 15 and 20 How far ap'art are 1 and 30 ?

I. .put

Put

15

20

(5 u..nirs)

in the rule, where does it go?
in the rule, whexe does it go?

(35)

(50)

How far apart,are 35 and 50 ,?
What is. happening?,

(1,5 units),

4

"Every answek will\come out an odd
number. FrOm 15 to 20 is five and

at's an odd number; and 5., to 14 is 'r
nine units and that's an odd nuMber."

"You mean if .we sta-rt out at an odd .
number for the distanCe, we end up With
an odd number for 'the distance? Is he
rikht; Janet?,"'

"Yes, and if yo'kcput in an even nuMber,,
.it will come out to be an even number.",

"Do you believe that, Andrea?"
101

."I have My own solution: 5 to 8 is
three units apart and when you di6 the
whole rule, .the number of unitsii.e..,
tween.the 2 points was. 3 .times the.
three [upits]) and that.was nine 'units,:

:.and that's What .happened. With.the
15..and 20 , 15 'went to 45 .subtract

.10 'is 35 . 20 werit to- 50 *and then--
b that 15 and 20 were five Units,apa`rt..

.and 'five times. 3 is fifteen lungs].
That's hoW"you get how many units
they will be apart."

I

i Pe



Change ,the rule.a littlp bit so that irwe start out with 5 ,and 8 , we end'
up with points units- apart, 1ut one of the points'is 0 .

(Wrong answer of 0.---> 2 X 0 - 10 ;
I Correct answer: 0 3 X 0 1.5

4.

,

,
Now.the starting poink aye 0 anl 1 ." Wriee down a rule that gets landing.
points that are 6 units apart and one.tof them is, 10 .

fog

With the rule II ;-----) 3 X 0 15 ,. 5 .gOes.to 0. '.Maike up.another
,,..

rfule so that 8 is the one that goes to .0.
. .
. .. Ili

,(Wrong answers: 0 --> 3 X' *-1- 15,4 0 ----
3 X 0

,)

I

. o

Correct ans-Ar:* 3 X 0 24 )

Using tht rule,, X'.'0 r. 24 , whele does 67 1 9)
Where does\ 8 go?

. How far.apart a,. 0 .A,nd

. .
r\

A

(Answer:. D 6 X El + '4.),
Using thils rule, what happenS to 0-'?

What happens to 1 ?

How far apart are,' 4 and 10 ?
What is the pther rule that does it? ( 0 + 10 )
Put 1 in this.rule Khat happens?-- (Lands at 16, )

-

How far apart are 10 and 16 ?

Now the two starting points are 2 and 6 , and the, two landing points are

Lands at ,4

1

4 and 20 Make up a rule...that- will gvt, you from the two starting points
he two landing points.

\

,.6

1 419, 1. 1111111:11111
'2 3 4 5 6 7 8 9 1 11 12 .13 14 15 16 17 18 19-x 21,,

'(Ans: t-* 4 X
iUsing 13 4 ),CJ let!.s try 2. .1

What about 6 7

Now find the rule that will take you frond 2 to 20 and 6 to

4,1

1 AI
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Supplement

ExaMples. of Questions De*ling WAth

It

6

In a. recent written lesSonsyoulk.ere asked to wHte a sequence of

questions .intro.ducing'the rule E.] > 0 X 0 . W e thdught you might,

be interested in seeing some ways this question has been answered by
othe rs.

The first four of these ex.amples were wHtten by participants in
,an institute such as yowte. The remaining four are the individual re-

.

sponses of four Arithmetic Project staff members. fhe variety of
possible styles in approaching such a que)Stion is particularly noteworthy,

Institu e par icipants' ha-s-bee-n-r-etype-d

most cas.es_their nôt4tIon has'not been altered. You may find tha some
ways of writing questions4and answers seem clearer than others. Wheye

errors occurred the corrector's comments are included in a footnote.

4.



Assume you teaci fifth or.sixth grade, wand you have' 'worked with prob-
,

lems involving.the mule lication of Yiegatives i.e. , your clas has done such
th,ings as -4 X -4 = 16 ),

Now con s ider,-the rule

E .x ri'
_0. ...:...../-

,

Write' 10 or mOre specific citstiOns.or .problems.,(arnd give th.e answers) that
.

you might 1.ise to-enable your students to-make- sme generalizattons 4bout. thiti s
.,rule.. You want them to findout suchthingsas these:0,Frorn,what starting .

poi.rits-do jumps with this, rule go to the.-right?- To the left? Are there regions
...you can' t land on at all? What abOtit stangsti 1 points1

0

SANK,E A

. Using above) rule:

goes to the right.

LI
I I 'II II I I

Standstill (Also
trr others.)

I. Any negative number or
any positive number greater
than '1 when multiplied 'by
.itselfjumping rule goes tci.,
right.

2. 71 goes to the right.
+1 standstill. Als8 0.

19



SAMIDIfteE A , continued

'goes to the left

goe4 to the right

3. Positive fractions go to
the left, negatiVe fractions
.go to the right.

4

4004

4. Unable to land in negatike
, regions beCause, =



-J.

'tt-

SAMPLE 13

1,
5

--,* 5 5 25

3. 4

-5 X, -5 = 25

5. .> .20' X -2014 = A00

,0Can we;- ever land on, -25 . with this rule? Why .or why not?_..

(No. Because a ne.gative times A, negative,
gives a positive, ) .

V
7. Using this rule'will we ever go to the left orithe nurtber line? N'or'1/4

8. k What riurnber is a standstill point?
0 ) Can there be any others? (No. )t( 0 ---> ..0 X 0

-

Can ycu change the rtile so it would,be possible to land on -25 ?

-5

II

.ipo

X 5

-5 X 5 :25
I 0. In what direction do we move Using this new rule and starting at ?

(Left. Show this on the number line.)

ii
--25 -20 -15 -10

4 4.

1 .) I" .1 I 1-

0

The`zanswer to this quesItion is, Of-course, incorrect.
mo 1 I .9 7,",In question 7, try starting at - , , - etc.

8
, 8 '

t The corrector'wrote: "Try 1."

'

I I

1

The corrector.wrote:

21
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.. r

Consider-The rull
4.) ._. .

.. . ,

1 -and make one jimip with a . Mark each st%arting' place and each landing iilace-*ft. .,

on the, nitrilber line. p.

. .4

-AO -.9 6 -7,6-5 -4-3 .2 1 0 2 3

Start.

-3

+ 1

11'

I.

Land .

4

9

+ 1

4 5 6 7 8 9 10 11 12 13 14.

Distance

1*

2

4

*The'corrector wrote.: "tliis should be . "

(



SAMPLE C , continued

'questions:
s - 4 .

A. What numbers 'Can be used in the rule to make jumps o the Aright?
r . ,(All numbers..)*.

. I
, '

Who can name a starting place that would allow us to move to the
. ieft? (There are .none. 1-towever, try every number a child Might.. .,.,give.)* i

.From examining.ate. above jump-problems who can.parne a stand-
.still...point? (1) . ' ,.--, a

. . .

D: .Areth, ere any
14

other .standatill points.?, (YeS. ) Name Itiesin. (0) )

,

The answers 'to
.and other fractions."

and B .are incorre 1The corrector wrote: Try 2



If

r4-

,3
pmegawasimgemeor

1

X'

X ; 71/

, r .

Wt 'no v e to the

II

II

SF

.08

It

4 q

We move.to,the

.11

t

It would seeiytthat al starting.places hi,kke us ploY,e.to the right except
..pos,itiye fractions .

Alhere will you land?

7
1

,
, ,

4,

'Start A

' i
N ,..

,

.Land---,-
,-3
-2
-1

1

*....

9
4
1

4

9

/1.NYk.414^- 4.

4

Where does the pat-tern change? (Starting points from 1 to -1 .)
*Can you find a starting place .where we will haye to land right back on
the4sAme ,numbe ( 0 ) I% there 4another? ( 1 ) Why ngt -1 ?' ( We
would geta poSitiyes answer.)

3. Where will I have -to'sfart. tO land on. (5). ,

4 ?

5 ?

1 ?

0 ?
1

7i ?

4 ."
.

$$

,(Neithei. a negative number sqiiared nor. :Ameitiye number squared can
possibli,give,a negativet, ankwer.) ,

-or

or

gable
01



-SAMPLE 1;;

Start !3. Where do you lancl? (9)

:3tart at .1".144.' .WIcer do you lama? (16)

3 larided at 9 Find another starting pla"ce so that you land at 9.

,

4

Where can we start to land on 1219 (

Another place to start to land on. 1210? ( 11 )`
sWhere can we start to land on 4? (You cannot land on 4)

Why? - (Because yOu can only land on positive numbers ,and zerp )
1Start at A Where do you land? (61)

4

If you start on. 741 :4- , will the jurriRbe longer .or shorter than 20 .spaces ?
0 .

. (Longer.) flow..do you know? .( The jump: from 3 goes to 9 and the 'jump
\from 4..goes to 16, se' the farthe' you go,down'the lirie the longer the

.1jump.. 8`Inee the jump from 4' is. 20 spaces the jump from 4 will
2

.be'Jonger.)
1- .1Where will you land if you start at -4A ?

16

All the jumps so far have gone to.the right. Find a plil.ce to start so
the jump goes to,the left. (Any fraction bdtween 0 and 1)
Where are 'all the starting places so that:we go(tothe left? (Any fraction
between 0 and 1)

1Start at and think of nking lo.tt, and lots of jumpv. 'How friany jumps
. will you have to make so that you land on la? (You nevrw1U land on 0. )

1 I,

p.

r

2 5



SANTLE E. continued

Llr

'Where can you sta-rt to land -on 0? ( )

Find another standstill.point. (el ).

Is there another?' (N )

Why? (Any negative number,will land in the positives. Any number bigger

-than .1 'times qtself wilibe bigger than iiseland any fraction times itself
C'will.be smaller. )

So the only s.takdstill points are 0 and 1. ,Can you change the rule by ading
or subtracting something so the standstill points are -1 and 2 ?

0 X

. 1 I .46Itki
t

la
n 4

n Cl 2

z

If the standstill points-aye -2 and 3. what is a rulO 0 '------>. 0 X 1::] - 6I ob ,,,.

zrand 5 ?' El -,.-4r 0 X 0 - 20
,i

, 0
0- -99 and. 100.?.1 0 --r->E1 X 0.= 9,900

... .,,.

a

_,_
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Start at 3. Land: . (9)

S,tart at 4. Land: (16)

Where else can you itart to land on 16? -4)
Where can you s art to,land on 64? (8; -13) On 10,000? (100, 10

T: Where can you rt to get a smaller jump than any so far?
S: , Z . ---> 4 That's only- 2 spaces..

- 1 . 4-1 1 . And that''s also 2 spaces.1 1 1
S: 1- 1- --> 2- That's less than 2 laces.2 .2 4
T: Can you find a standstifl point?
S: Oil.

S: Also 1.

-

.T: So far, all jumps have gone to the right. 'Can you finil a sta,rting place
so jumps go .tq tile. left?

S: No, Since thislirule multiplies numbers by themselves, you'll either stand
still ofget bigger. So you have to go Ili the lines

.

1
.0 S: "What happens if you start at -2-.?

1S: '`..You'lk get to. 1 'and that goes lyackwarcfs.
4

'I': Where else can:you start to "go baCkwards" r

S:

S:

St

Try

Try

kry

Try

73

11-i.

1 '

(

(

.

1

4

.161

3

>

---->

1

9

16

or 1-7 so that goes to the right.')
9

so that's okay. )

1 1
5: No, that won't work because -- X -- is goitig to be positive, and the

2 2
jump will go right. In fact, we don't have to try any. negative numbers

because they'll all go right.

3 ti\
.0

.9,

27,
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SAMPLE b", continued

Tv Where are all the places you can start to set a`J.Ump that.goes.-to the le'ft?
S: It looks as if any,number between the standstill pointe,will do it, ,

T: Why?

S: When you multiply 'a fraction betWeen 0. and' I by.itselfi y ll get a
smaller. fraction.

T; Right. What do yousthink will hapil.:e'n if we change .the rule to:

Ll X ti

ar,

4

40'
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The first.tiMe I introduced my class (6th gra p) to this rule Ir used
.

rule a as.. LI ".`. LI X 1 and rule b as,f1 tHr-> Li and we determined 44.., r.4.

which rule vs4on for-differ nt starting numbers.
, I..

si .

. 1

Start at ,10'.. 10. r-ra,> loo a wins'10 -.7.--> 10°
.: .

,, tart. at 7 10 . -104v-i---a:H> 100
lo ----->. 1o,k

Where do they tie?

Start at Z..

a wins.

0 'F.4 first answer, then someone said/
0 was the only tie.

a_>
a wins2 2

aStart at 1, -----> 1
b a wins-1 --> -1,

'At this point someone said a Olvould always win except at 0 . Someone
else said astart at 1. 1 --> 1b

- 1 --> 1P. ) tie at 1

Can anyone find a place where b will win?

1.Suggestion: T7-
3

Then -6

Suggestion:
-

'I'heh
3

1

1 a 1

3 9 a wins
1 b 13 - 3
1 :_2_.. 1

7, 36
1 b 1_ _.--.), -

:-

12- .i
3

7

3
0

6

7

3

7

, 6

49 4

b wins

-, ,, or
9. 9

12_3. 7. 1or

b wins

a wins

. .



SAMPLE G , continued

Ge.ne r4iza.tion: b winsfor. every 'fraction between 0 and 1.

Oh. Ve.)AM 5

-S

1\1)ext we'-compared rules,
p

awl, op another dAy,

,30

";tE
61.45'

I

:

>.< -,T1

F3
b

2

n n .

VIP b

t

3

on,

a



SAMPLE H

(Note: All, jur111)1 would be. clr'awn on number line's.

Start at. 5. Make one jump. o'?.. 5

Start at 'V. Make one jum Land? [.491

Start at 1. Make'one jump.. Land? 191,

(Digression r 7 3 X 1 if necessary.)
Start somewhere, make a jump and land on 10.0... Where.- did you start?'
[10] Could Tr)u.have started somewhe,re'else and laded on 190? PieSL,
If so; 'where? 101

VI,

Start som'ewhere, make one jump and land on 16. Where did you
start? [Impos sible]

(Digression.for checking' 4 and 4 if.necessary.)
.W h starting.number will give a longer jump, 4,382 br 4,382 ?

A[ L4,38 ] Why? [ (4,3:82.) > (4,382)2 (4,38a) 1.
Notice thatall.jumps.So .far have gone to the right.. Where can We

start to goto the leit? [Between 0 and lj If no A.cleas: S ppoiLe soMeone
c.

. said that there was a negative starting number that would give Jump to
the left. How would you prove that he was wrong? [If CI 13 then 02> 0

and so L1 > Suppose someone said that there was a number-around
10.0 that would give a jump to the 'left. Fjow would'you provethat lie was
wrong?, [Starting numbers arOund 100 would give lar.iding`numbera around
1002 or 10,000 . This ihtgoing to the right.] If still no ideas on jumps,
to the left: Is there a place you can staDt so that-the jump.is,neither to
the right nor tO the left? ['0 and 1] Where could you start to get a

144 very short jtitmp? I [Close to 0 and close to '1 ] Try somee.g. ,
10 '

1- 9 ' 1. , 1 1

T

81
1

21getting
100 ' 100 ' 100 '' 0 0

respectively] .'
,

&Which ones go to the left: [The jumps from To- and
10

] Holy long

A are these jumps? [ 9
11 9 11

100 100
and

1
respectively].. ' 100 - 00.

!IP

11

31



SAMPLE f continued*

Of 411 the jurnO.that go to the right, whichis.longest?
H ..11 -.II .11 II. right rl shortest?

[There is none.
[ There is none.

II II II II II It left Sfart:
II

2
H " It III. " left 11 II shortest? [ There As none.

What makes you think starting at 1 gives the longest jump to the left?
2-.

Various ansWers could be given. Yoti n?ay finvi a proof dthicult, but
the anver might be justified with varying degrees of rigor as ollowS:

11) is right in the middle between 0 -and 1

1
.99

- 10
4): and 2 , gave :jumpS of same length. o will1.0 .. 10.0.

and

6 1

4.3
and 3 , and etc.. The close y u get to the bigger

2 . .

the-jumps get. 1 will give biggest jump.
2

,
49 5-1 13) The jumpap from and are shorte, r than the one from .100 100 2,

a

4) If we put any ilumber which is close to zero (eit po,s. or neg. ) tn A ,

then the rule takes ( + A) "to ( + A) 2 or + A + 62 The2 2 4

1length of this jump is i. + A.

we can pu

1 A + A ) or 62
4 Since

A < , But the jump from is of length . Therefore,4 , *2 , . 4

1

is longer than any. other starting between 0 and 1 since2

any number in (_\_ as long as 1< A <
2



SAMPLE H ,.; continued
1 /

) Here is exactly the same argument as in 4). above,
A

, in different J

(t.nd more) words.

jum

'Consider the juthp starting at We land on so the length of ihe
4P 4

. t.1

1 . ,is , We want to know how the length of the jump changes if we start
\.

1-.So we' think of starting at
2,

wh9re
J -

1a little i-eit above or below
2

.*

1 1we can put positive or negative numbers (between and -2- ) in the' wedge.
4 ,

F'or the rest of this discussion we will not put 0 in A because we already

1know what happens when we start at + 0 , ot

n

2 2

1We ow have a jur?-ip starting a A . This lands'at + A)2
2

+ + A2 . The length
1which, when you multiply it out, is 4

of this jump is the difference between starting point and landing point.

I Thus the length is

or

or

1
.7E + A + Az)

2 4 'A2

We know that A > 0 no matter what we put in A . (Remember we are

-not Ratting 0 in A . ) Also we knoVhat A2 \ must be less than Tt , be-

cause the only numbers we are putting 'in A ar.e those Such tlyx

< .A <
1

,

Starting anywhere else where the jumps go to the left, i. e; , starting anywhere
between 0 and 1 (other than at itself, of course).
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So A
e 4s

above O but is less tharr This makes th'e length,
4-

1always come out less than So all the jumps starting above or below
4

ehis regiortbetWeen Q and 1, have lengths of le,ss than Thus it4I

must be that the jump starting
2

which we have already,found to have

a length of 1 . is longer than,any of the others. And since this is the only4

1region where there are jumps to the left, the jump from isithe longest
2

jump to the left.

0

4.

\

a'wq


